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Al&act-Let P.(m) be the proportion of the (m!)” n-tuples of linear orders on a set of m candidates in 
which there is a candidate x who is ranked ahead of candidate y in more than n/2 of the orders in the 
n-tuple for each yf x. New approaches are used lo extend significantly the known values of P.(m) for 
small odd n and for small m. The new values along with previously computed values are used lo construct a 
simple approximation for P.(m) that applies to all odd n z 3 and all 3 5 m C, 50. The approximation is 
within one-half of one per cent of every known value of P.(m) for which R s 3 and 3 I m < 50. 
I. INTRODUCTION 
A profile is a finite list of linear orders on a finite set. We shall refer to the elements of this set 
as candidates and say that a profile contains a majority candidate, say x, if and only if more 
than half of the orders in the list rank x ahead of y for each candidate y f x. The number of 
orders in a list or profile will be denoted by n, and the number of candidates by m. Thus the 
total number of profiles with n terms is (m !)“. For n = m = 3, x is the majority candidate in 
profile (xyz, yxz, zxy), but there is no majority candidate for (xyz, zxy, yzx). 
Let P.(m) be the proportion of the (m !)” profiles with n terms on a set of m candidates that 
contain a majority candidate. In this paper we shall first describe a new approach for computing 
P.(m) that extends ignificantly the known values of this proportion for small odd values of n. 
(The approach is easily adapted to even values of n.) We then present an alternative to the 
method in Gehrlein and Fishburn[4] for computing P.(m) for small m that appears to be 
computationally superior to our previous method. The new numerical results are then used in 
conjunction with previously computed values of P.(m) for small m and for lim P”(m) to 
establish a simple approximation for P.(m). This approximation is intended pri&zily for all 
odd n L 3 and for reasonably small m, and is within one-half of one percent of the exact values 
computed for 3 s m < 50 and odd n L 3. 
Progress in computing exact values of P.(m) has been hindered by the highly combinatorial 
nature of the problem. Garman and Kamien[3] and Sevcik[ 101 computed values of P.(m) by 
enumeration, but this is feasible only for small m and n. DeMeyer and Plott[Z] presented a
summation form for P,(m) that they used to compute Pdm) for m s 15, but their form is 
computationally prohibitive for larger in or n. Limiting values P,(m) = lim P,(m) have been 
determined by Niemi and Weisberg[7], C&man and Kamien[3], and byn&y[6], who proves 
also that P@)=O. 
Our previous paper[4] developed summation expressions for m E {3,4,5} that are comput- 
able for relatively large n. That paper also shows that, for all even m L 4 and odd n, P.(m) can 
be written recursively as 
(m -2)/2 
P,(m) = F0 al$P.(2j + 1) 
.s 
where the a multipliers do not depend on n. Table 3 in [4] lists the a values for m = 4(2)24 and 
because of this we shall display P.(m) only for odd values of m in the present paper. 
The proportions approach formulated here is computationally equivalent o the stochastic 
model in which P,(m) is the probability that a profile with n terms on m candidates has a 
I17 
118 W. V. GEHRLEIN and P. C. FISHBURN 
majority candidate when each order in the profile is independently chosen by the uniform 
probability distribution on the m ! linear orders on the candidates. Because we have found it 
expositionally simpler to talk about computing P,,(m) as a probability than as a proportion for 
the method of the next section, the probability language will be used there. 
2. P.(m) FOR SMALL ODD n 
With x a fixed candidate in the set X of candidates with IX/= m, the method described here 
computes the probability P.“(m) that x is the majority candidate since, by symmetry, P,(m) = 
mP.“(m). To compute P,‘(m) we consider assignments of orders on X to the first r = (n + 1)/2 
positions in the profile for which x can be the majority candidate. Each assignment produces a 
vector (00, a,,. . . , u,-,) whose components um to m - 1 and in which al, is the number of 
y EX\{x} such that exactly k of the assigned orders have y ranked ahead of x. Given 
(ao, *. . , u,_,), we then consider what must be true of the orders in the last (n - 1)/2 positions of 
the profile for x to be the majority candidate. This method was used explicitly for n E {5,7,9} 
and will be described shortly for n E ($7). For n = 3 it reduces to the approach described in the 
next paragraph. 
With x E X fixed let 
Xi = {y E X\(x): y is ranked ahead of x in the order 
in the ith position of the profile} 
and let mi = /Xi/. Given n = 3, x is the majority candidate if and only if the three Xi are 
mutually disjoint. The probability of getting specified disjoint X, and X, is [m,!(m - l- 
m,)!/m!][m2!(m-I-md!/m!] with m,+m2sm- 1. The number of ways that the given m, and 
mz can be realized by different disjoint X, and X, is 
m-l 
( >( 
m-l-m, 
m, m2 
).GivensuchX,and 
X2, X, is disjoint from X, U X2 if and only if x is ranked ahead of everything in X, U X2 in the 
third order in the profile, and the probability of this event is l/(m, + m2 + 1). Therefore 
P3Tml=~~m$~‘(m~1)( m - 1 - ml m2 ) m,!m2!(m - 1 - m,)!(m - 1 - rnd! (m!)2(m, + m2+ 1) ’ 
Multiplication by m and reduction then yields 
(1) 
This expression is simpler than the triple-sum form given elsewhere[2,6] and was used to 
compute A(m) for m = 3(2)49 and m = !39(50)499. The resulting values in the first row of Table 
1 reinforce May’s point[6] that P3(m) decreases very slowly towards its zero limit. 
Additional notation will be used for n E ($7). With respect o the first r = (n + 1)/2 positions 
in a profile and for every C c {1,2,. . . , r} we shall let 
Yc = {y E X\(x): y is ranked ahead of x in the order in position 
i for all i E C, and x is ranked ahead of y 
in the order in position j for all 
i E 11,. . . , rl\Cl, 
with be = 1 Ycl. In addition, let At = {y E X\(x): exactly k orders in the first r positions have y 
ranked ahead of X} SO that & = I,&/. Note that A0 = Y& A, = U { Yi: i = 1,. . . , r}, A2 = U { Yij: 
15 i < j I r}, and so forth, where here and later we write Y(i ,..., j, as Y..J. 
Since a, must be zero for x to be a majority candidate, we consider only the cases that have 
uo+** . + ur+ = m - 1. The probability of getting (a~, . . . , uz-J will be considered after we look 
at the probability P.“(mlu) that x is the majority candidate, given u = (a~, . . . , or_,). 
For n = 5 let (Ao, A,, A2) be a specific realization of a = (ao, al, a& Since all y E A0 already 
lose to x by a majority on the basis of the first three orders in the profile they can be ignored in 
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looking at the orders in positions 4 and 5. Then x is the majority candidate if and only if the 
orders in positions 4 and 5 have all y E AZ ranked after x and at least one of these two orders 
has each y E A, ranked after x, or A2 n (X., U X5) = 0 and (A, rl X4) rl XS = 0. It follows on 
letting a = IA, f~ X4] that 
or 
(2) 
To compute the probability of a = (a,,, al, aJ with a0 + al + a2 = m - 1 we consider the six 
disjoint subsets Y,, Y2, Yj, Yt2, Yls, Yu of X\(x), bearing in mind that any candidate not in 
these six is ranked after x in each of the first three positions. Six summations are needed to deal 
with these six Yc, one for each of b,, b2, b3, b12, b,3 and bD. These six summations, denoted by 
Z’, cover all combinations of the bc for which 0 I b, + b2 + bs + b,2+ b,s + bzs 5 m - 1. With 
ml = b, + b12 + b,3, for example, multiplication by m and reduction gives 
, m,!(m - 1 - m,)!m2!(m - 1 - m2)!m3!(m - 1 - m,)! 
P5(m) = 2 b,!b2!bs!b,2!b,3!b~!m*!(m!)2 
xP3x(m((m*,b1 +b2+b3, b12+h3+ h)) (3) 
where m* = m -(b, + b2 + b3 + b,2 + b13 + b&. Table 2 gives values of P*(m) for m = 3(2)39 that 
were computed using (2) and (3). 
For n = 7 let (A,, A,, AZ, A3) be a specific realization of a = (a~, aI, a2, as). As before, all 
y E A. can be ignored in the orders in the last three positions of the profile. Moreover, x is the 
majority candidate if and only if the last three orders have all y E A3 ranked after x, at least two 
of these three have each y E A2 ranked after x, and at least one of them has each y E A, ranked 
after x. Hence the generic case for a in which x is the majority candidate can be characterized 
by disjoint subsets B,’ and B,6 of A, and disjoint subsets AzS and Az6 of A2 such that 
I&? + I&? 5 l&l = a, and 1A2’1 +lAz6) 5 IA21 = 112 with the following for the last three orders in 
the profile: 
Position 5: x ranked ahead of all y E A3 U B,’ U (Az\A,‘> and all y E A2’ U (A,\&‘) ranked 
ahead of x; 
Position 6: x ranked ahead of all y E A3 U B,6 U (Az\A?) and all y E A: U (A,\(B,5 U B,6)) 
ranked ahead of x; 
Position 7: x ranked ahead of all y E A3 U A: U At U (A,\(B,’ U BF)). 
Let a, = IAil and B, = (B,‘(. Then 
(ffl-Bs-B6+a6)!(B6+a2+a3-a6)! 1 
X(al+o2+a3+l)!(al+a2+a3-~J+1)!X(a3+aS+a6+~l-~~-~6)' 
(4) 
To compute the probability of a = (ao, a,, a2, a3), we consider fourteen disjoint subsets of 
X\(x), namely Y,, Y2,. . . , YIM, Y~Y. Let x2 denote fourteen summations with indices b, 
through bzM subject to 0 I b, + 6, +. . . + b,% + bza 5 m - 1. Then, with m, = b, + 
b,2+ b,3 + b,4+ b123+ b,24+ b,Mr with similar forms for m2 and m3, and with m* = 
m-(b,+b2+***+b234), 
2 m,!(m - I- m,)!m2!(m - 1 - m2)!m3!(m - 1 - m3)!m4!(m - 1 -m.,)! 
A(m) = C b,!bz! * * . b,M!bw!m*!(m!)3 
x p7”(m)(m*, b, + b2 + b3 + bd, b,2 + bn + * . . + bw, h + &M + bd). (3 
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Table 1 lists values of P,(m) for m = 3(2)17 that were computed from (4) and (5). An 
expression for Pg(m) was obtained in the same way as P,(m), but it is rather long and will not 
be written here. Table I gives Pdm) for m = 3(2)9. 
3. P.(m) FOR SMALL m 
Our new method for computing P,,(m) for odd n and small m is the same as the method in 
[4] for m = 3 but proceeds by a computationally more efficient recursive route for m > 3. As 
shown in [4] for m = 3 and X = {x, y, z}, the number of n-position profiles in which x is the 
majority candidate is 
(6) 
where r* = (n - 1)/2, cl is the number of positions in the protile with x ranked last, c2 is the 
number of positions with order yxz, c3 is the number of positions with zxy, and c4= 
n - ci - c2 - c3, the number of positions with x ranked fist. 
Continuing with m = 3, let nk for k E {1,2,3} be the number of positions in a profile whose 
orders have x in (4 - k)th place. Then nl = cl, n2 = c2 + c3 and n3 + c4. Hence the number f&t,, n2, 
n3) of n-position profiles that realize (n,, n2, n3) and have majority candidate x equals the generic 
term on the right hand side of (6) summed over all applicable (cl, c2, c3, cd) that have nl = cl, 
n2 = c2 + c3, and n3 = c4 (along with c2, c3 - r Z * - cl). In computing (6) we retain each relevant f3( n , , 
n2, n3) to use in the computation of P,“(4) as described in the next paragraph. 
When m = 4 and X = {x, y, z, w}, we begin with an n-position profile on {x, y, z} whose f3(nI, 
n2, n3) is positive and consider the ways that w can be put into the orders in the profile so that x 
will be ranked ahead of w in at least (n + 1)/2 positions. Given such an (n,, n2, n3) let sk be the 
number of the nk positions in the w-augmented profile in which w is ranked ahead of x, so that 
x has a majority over w if and only if si + s2 + s3 5 (n - I)/2 = r*. It then follows for the given 
(ni, n2, n3) that the number of n-position profiles on X that realize (n,, n2, n3) and have majority 
candidate x is 
(7) 
where t2 = mitt {n2, r* - SI} and t3 = min(n3, r*--SI -s.z}. The sum of (7) over all (n,, n2, nd 
combinations that have nl + n2 + n3 = n and f&t,, n2, n3 > 0 gives the number of n-position 
profiles on X in which x is the majority candidate. The latter number times 4/(24)” then equals 
P,(4). 
In computing with (7) we keep track of certain partial sums that will be used in the m = 5 
computation. In particular, let ni be the number of positions in an n-position profile on 
{x, y, z, w} that have x in (5 - k)th place in their orders, and let f&i, n$, n;, ni) be the number 
of n-position profiles on {x, y, z, w} that realize (ni, ni, nj, ni) and have x as the majority 
candidate. Then f&i, ni, n$, n;) is given by the sum of the terms in (7) for which s1 = n;, 
nl -sl+s2=ni, n2- s2 + s3 = n$ and n3 - s3 = ni. By adjoining a hfth candidate to {x, y, z, w} it 
then follows that the number of n-position profiles on five candidates in which x is the majority 
candidate is (with primes deleted for notational convenience) 
where-within the context of this expression-& = min (n2, r* - s,}, t3 = mm (n3, r* - s1 - ~2) 
and t~=min{n4, r*-si-sr- s3}. The sum of (8) over the (ni, n2, n3, n4) combinations that have 
f&t,, n2, n3, n4) > 0, times 5/(120)“, equals P,(5). 
The extension of this process to larger m is straightforward. In practice we used it to extend 
prior exact computations of P.(s) to n = 23(2)35 as shown in Table 1, but unresolved storage- 
space problems have thus far prevented its use for larger values of n and m. 
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4. AN APPROXIMATION OF P.(m) 
The new results of the preceding sections along with previously computed values of P.(m) 
provide a good base from which one can look for a reasonable approximation to P.(m). An 
approximation for the limit proportion P,(m) will be considered first. 
Niemi and Weisberg[7] note that P.&n) equals m times the (m - 1)-dimensional normal 
positive orthant probability with all correlations equal to l/3. The latter probabilities were 
computed by Ruben[9] using quadrature, and the corresponding values of P,(m) for m = 3(2)49 
are shown in Table 1. Because of the relationship between P,(m) and the multivariate normal 
orthant probabilities, an approximation for the latter in Bacon[l] leads to the following 
approximation for P,(m): 
pm(m) 5 m2-m+l 
[ 
1 +‘ms (m - l)!tik 
lrS’ (m-l-2k)!k!fl(i-4iB) ’ 1 
where m is odd and 6 = [sin-’ (l/3)1/~. The accuracy of (9) can be gauged by the computed 
(9) 
values of 0.5466, 0.2468 and 0.1661 for the respective values of m = 9, 29 and 49 on its right 
hand side. The exact values for P,(9), P-(29) and P-(49) from Table 1 are 0.5455, 0.2414 and 
0.1594. Thus (9) is off by more than two percent at m = 29 and is off by more than four percent 
at m = 49. 
By restricting our concern to m < 50, which surely covers most practical situations, a much 
simpler approximation than (9) can be obtained for P,(m). After examining a number of 
algebraically simple possibilities, we settled on 
P-Cm 1k 5 + (0.63)‘” -3)/z, (10) 
which is accurate to one-half of one per cent for odd m < 50. 
Given (lo), we next consider the residuals R.(m) = P,(m) - P,(m). Again, after examining a
number of possibilities, the approximation 
83.23 
- In (1 + (0.55)‘“~I)‘*) 
P 
n 
(m) i m + 154.6 
R - 1 + (0.9)‘“-‘“* (11) 
with In the natural ogarithm was found to fit reasonably well to the exact values of the R.(m) 
obtained from Table 1 with m < 50. Note also that R,(m) = 0 and R,(m) = 0. Then (10) and (11) 
together yield 
83.23 - In (1 + (0.55)‘“-I”*) 
P,(m)+ --&+(0.63)(m-3"2+ m + "it 1 +~0.9~~m_,X2 (12) 
which is accurate to one-half of one per cent for all 3 I m < 50 and all odd n L 3 for which 
exact values of P.(m) are known. 
Approximation (12) was then used to compute the three-decimal-place entries in Table 1 for 
(m, n) pairs whose exact values of P.(m) are presently unknown. These entries agree very well 
with the simulation estimates in Pomeranz and Weil[8]. Moreover, the right hand side of (12) is 
consistent with May’s m-limit result[6] that P,,(m) = 0, and the P,,(m) estimates in Table 1 
decrease in both m and n in agreement with Kelly’s conjecture[Sl. 
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